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ON THE POINTWISE CONVERGENCE OF MULTIPLE
ERGODIC AVERAGES AND NON-SINGULAR DYNAMICAL
SYSTEMS
E. H. EL ABDALAOUI
Abstract. It is shown that there is a non-singular dynamical system for
which the maximal ergodic inequality does not hold. The proof is accom-
plished by proving that there exist a subsequence for which the multiple er-
godic averages of commuting invertible measure preserving transformations of
a Lebesgue probability space converge almost everywhere provided that the
maps are weakly mixing with an ergodic extra condition. We further get that
the non-singular strategy to solve the pointwise convergence of the Furstenberg
ergodic averages fails.
1. Introduction
The purpose of this note is to establish that there exist a non-singular dynam-
ical system for which the maximal ergodic inequality does not hold. To this end,
it is shown that the well-known open problem of the pointwise convergence of the
Furstenberg ergodic averages has a positive answer if we restrict our self to the con-
vergence along a subsequence. We remind that this problem can be formulated as
follows: let k ≥ 2, (X,B, µ, Ti)ki=1 be a finite family of dynamical systems where µ
is a probability measure, Ti are commuting invertible measure preserving transfor-
mations and f1, f2, · · · , fk a finite family of bounded functions. Does the following
averages
1
N
N∑
n=1
k∏
i=1
fi(T
n
i x)
convergence almost everywhere?
The classical Birkhoff theorem correspond to the case k = 1. The case k = 2 with
Ti = T
pi , and pi ∈ N
∗ for each i, is covered by Bourgain double ergodic theorem [15].
Here, our aim is to establish that there exists a subsequence (Nl) such that for
any finite family of bounded functions f1, f2, · · · , fk ,
1
Nl
Nl∑
n=1
k∏
i=1
fi(T
n
i x)
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convergence almost everywhere.
We remind that the L2 version of this problem has been intensively studied and
the topics is nowadays very rich. These studies were originated in the seminal work
of Furstenberg on Szemeredi’s theorem in [21]. Furstenberg-Kaztnelson-Ornstein
in [22] proved that the L2-norm convergence holds for Ti = T
i and T weakly mix-
ing. Twenty three years later, Host and Kra [29] and independently T. Ziegler [47]
extended Furstenberg-Katznelson-Ornstein result by proving that for any transfor-
mation preserving measure, the L2-norm convergence for Ti = T
i holds . In 1984,
J. Conze and E. Lesigne in [17] gives a positive answer for the case k = 2. Under
some extra ergodicity assumptions, Conze-Lesigne result was extended to the case
k = 3 by Zhang in [46] and for any k ≥ 2 by Frantzikinakis and Kra in [20]. With-
out these assumptions, this result was proved by T. Tao in [45]. Subsequently, T.
Austin in [9] gives a joining alternative proof of Tao result, and recently, M. Walsh
extended Tao result by proving that the L2-norm convergence holds for the maps
(Ti)
k
i=1 generate a nilpotent group [49]. This solve a Bergelson-Leibman conjecture
stated in [13]. Therein, the authors produced a counter-examples of maps generated
a solvable group for which the L2-norm convergence does not hold.
For the pointwise convergence, partial results were obtained in [18], [4], [6] and
[30] under some ergodic and spectral assumptions. In a very recent preprint [7],
I. Assani observe that the action of the maps Ti induced a dynamical system
(Xk,
⊗k
i=1 B, ν, φ) where φ(x1, · · · , xk) = (Tixi)
k
i=1 is a non-singular map with
respect to the probability measure ν given by
ν(A1 ×A2 × · · ·Ak) =
1
3
∑
n∈Z
1
2|n|
µ∆(φ
−n(A1 ×A2 × · · ·Ak)),
with µ∆ is a diagonal probability measure on X
k define on the rectangle A1×A2×
· · · ×Ak by
µ∆(A1 ×A2 × · · ·Ak) = µ(A1 ∩A2 ∩ · · ·Ak).
It is easy to see that the Radon-Nikodym derivative of the pushforward measure
of ν under φ satisfy
1
2
≤
dν ◦ φ
dν
≤ 2.
Unfortunately as we shall see in section 5, the strategy of [7] fails since the
maximal ergodic inequality does not hold for the non-singular dynamical system
(Xk,Bk, ν, φ). Nevertheless, applying Tuleca’s theorem [31], we are able to con-
clude that the individual ergodic theorem holds for φ in the sense of Tuleca.
We associate to φ the Koopman operator Uφ defined by Uφ(f) = f ◦ φ, where f
is a measurable function on Xk. Since Uφ maps L
∞ on L∞ and φ is non-singular,
the adjoint operator U∗φ acting on L1 can be defined by the relation∫
Uφ(f).gdν =
∫
f.U∗φ(g)dν,
for any f ∈ L∞ and g ∈ L1. For simplicity of notation, we write φ∗ instead of U∗φ
and φ instead of Uφ when no confusion can arise.
φ∗ is often referred to as the Perron-Frobenius operator or transfer operator
associated with φ. The basic properties of φ∗ can be found in [34] and [1]. It is
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well known that the pointwise ergodic theorem for φ can be characterized by φ∗.
Indeed, Y. Ito established that the validity of the L1-mean theorem for φ∗ implies
the validity of the pointwise ergodic theorem for φ from L1 to L1 [32]. Moreover,
the subject has been intensively studied by many authors ( Ryll-Nardzewski [40],
Tuleca [31], Hopf, Choksi [16], Assani [3], Assani-Wos´ [5], Ortega Salvador [37], R.
Sato [42], [41]). Here, we will use and adapt the Ryll-Nardzewski approach [40]
and its extension [31]. A nice account on the previous results can be found in [19,
p.31-61].
Notice that the L2-norm convergence implies that for any k-uplet of Borel set
(Ai)
k
i=1, we have
lim
N−→+∞
1
N
N∑
n=1
µ∆
(
φ−n
( k∏
i=1
Ai
))
= µF
( k∏
i=1
Ai
)
,
where µF is an invariant probability measure under the actions of (Ti). Following
T. Austin, µF is called a Furstenberg self-joining of (Ti) [9],[10], [11]. Therein, T.
Austin stated the multiple recurrence theorem in the following form
∀(Ai)
k
i=1 ∈ B
k, µF (A1 ×A2 × · · · ×Ak) = 0 =⇒ µ∆(A1 ×A2 × · · · ×Ak) = 0,
We further point out that if the maps Ti = T
i and T is a weakly mixing map,
then µF =
⊗k
i=1 µ, that is, µ
F is singular with respect to µ∆ and this is not in-
compatible with the multiple recurrence theorem, since the absolutely continuity
holds only one the sub-algebra generated by the rectangle Borel sets.
The proof of T. Austin is based on the description of µF in terms of the mea-
sure µ and various partially-invariant factors of B. This is done using a suitable
extension of the originally-given system (X,B, µ, Ti). Here, we will further need the
method used by Hansel-Raoult in [27] and its generalization to Zd action obtain by
B. Weiss in [48]. Therein, the authors gives a generalization of the Jewett theorem
using the Stone representation theorem combined with some combinatorial argu-
ments. The proof given by Weiss yields a ”uniform” extension of Rohklin towers
lemma. This allows us, under a suitable assumption, to produce a strictly ergodic
topological model for which we are able to show under some condition that one
can drop a subsequence of Furstenberg averages for which the convergence almost
everywhere holds.
Summarizing, our proof is essentially based on two kind of arguments. On one
hand, the Assani observation [7] combined with some ideas from Ryll-Nardzewski
result [40] and the Tuleca result [31] and on the other hand on the C-method intro-
duced by Austin [9] combined with Hansel-Raoult-Weiss procedure [27].
Let us mention that at know, in the general setting, the problem of the pointwise
convergence of the Furstenberg ergodic averages still open. The only know results
are Bourgain double ergodic theorem[15] and the distal case [30]. The paper is
organized as follows
In section 2, we state our main result and we recall the main ingredients need
it for the proof. In section 3, we establish under our assumptions the L2-norm
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convergence. In section 4, we recall the Stone representation theorem and Hansel-
Raoult-Weiss procedure used to produce a strictly ergodic topological model. In
section 5, we establish that the pointwise convergence of the multiple ergodic av-
erages holds along some subsequence, and in the end of the section, we prove that
there exists a non-singular dynamical system for which the maximal ergodic in-
equality does not hold. Finally, in section 6, we give a proof of our main results.
2. Main result
Let (X,B, µ) be a Lebesgue probability space, that is, X is a Polish space (i.e.
metrizable separable and complete), whose Borel σ-algebra B is complete with re-
spect to the probability measure µ on X . The notion of Lebesgue space is due to
Rokhlin [39], and it is well known [35] that a Lebesgue probability space is iso-
morphic (mod 0) to ordinary Lebesgue space ([0, 1), C, λ) possibly together with
countably many atoms, that is, there are x0, x1, · · · ,∈ X , X0 ⊂ X , Y0 ⊂ [0, 1), and
φ : X0
⋃
{xi} −→ Y0, which is invertible such that the pushforward measure of µ
under φ is λ with µ(X0
⋃
{xi}) = 1 = λ(Y0) = 1 . Here, we will deal only with
non-atomic Lebesgue space.
A dynamical system is given by (X,B, µ, T ) where (X,B, µ) is a Lebesgue space
and T is an invertible bi-measurable transformation which preserves the probability
measure µ.
In this context, we state our first main result in the soft form as follows
Theorem 2.1. There is a non-singular dynamical system for which the maximal
ergodic inequality doesn’t holds.
Our second main result can be stated as follows
Theorem 2.2. Let k ∈ N∗ and (X,B, µ, Ti)ki=1 be a finite family of dynamical sys-
tems where (X,B, µ) is Lebesgue probability space, and assume that T1, T2, · · · , Tk
are commuting weakly mixing transformations on X such that for any i 6= j, the
map Ti ◦ T
−1
j is ergodic. Then, there is a subsequence (Nl) such that for every
fi ∈ L
∞(µ), i = 1, · · · , k, the averages
1
Nl
Nl∑
n=1
k∏
i=1
fi(T
n
i x)
converges almost everywhere to
k∏
j=1
∫
fjdµ.
The proof is based on the Tuleca’s result [31] and some ideas from the Ryll-
Nardzewski approach [40] combined with the Cantor diagonal method, and the
machinery of C-systems introduced by T. Austin. We remind that this machinery
allows T. Austin to obtain a joining proof of the Tao theorem on the L2-norm con-
vergence of the Furstenberg ergodic averages. We will use the C-systems machinery
in the section 3. Here, we recall the Ryll-Nardzewski theorem [40].
Theorem 2.3 (Ryll-Nardzewski [40]). Let (X,B, ν) be a σ-finite measure and φ an
invertible map on X such that the pushforward measure of ν under φ is absolutely
continuous with respect to ν. Then the following conditions are equivalent.
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(a) The operator Tf = f ◦ φ satisfies the pointwise ergodic theorem from L1(ν) to
L1(ν), that is, for any function f ∈ L1(ν) there is a function g ∈ L1(ν) such
that
lim
N−→+∞
1
N
N∑
n=1
(T nf)(x) = g(x) ν.a.e.
(b) There is a constant K such that for any Borel set A and each Y with
ν(Y ) < +∞ we have
lim sup
N−→+∞
1
N
N∑
n=1
ν(Y ∩ φ−nA) ≤ Kν(A),
The condition (b) is called Hartman condition, and the proof of Theorem 2.3 is
essentially based on the notion of Mazur-Banach limit. Precisely, using the Mazur-
Banach limit, Ryll-Nardzewski proved that there is a σ-finite measure ρ such that,
for any Borel set A, we have
(i) 0 ≤ ρ(A) ≤ Kν(A);
(ii) if A = φ−1A then ρ(A) = ν(A);
(iii) ρ(φ−1A) = ρ(A).
This insure that ρ is φ-invariant and we can apply the Birkhoff ergodic theorem
to conclude. For more details and the rest of the proof, we refer the reader to the
Ryll-Nardzewski paper [40]. Let us further point out that therein, Ryll-Nardzewski
produce a counter-example for which the pointwise ergodic theorem in L1(ν) doesn’t
imply the ergodic theorem in L1(ν). We remind that the ergodic theorem in L1(ν)
holds, if for any f ∈ L1(ν), there is a function g ∈ L1(ν) such that
∥∥∥ 1
N
N∑
n=1
f(φn(x)) − g(x)
∥∥∥
1
−−−−−→
N→+∞
0.
Following Ryll-Nardzewski ideas, we choose a non-decreasing sequence of Borel
set (Am) such that limAm = X , ν(Am) < +∞, and for any Borel set A, we define
the sequence νm(A) by
νm(A) =
1
N
N−1∑
n=0
ν(φn(A) ∩ Am).
Hence (νm(A))m≥0 is a bounded sequence, and it is an easy exercise to see that we
can extend the operator lim on the space of real bounded sequences to obtain a
bounded operator on ℓ∞ by Hahn-Banach theorem. We denote such operator by
MBlim. This allows us to define a sequence of finite measures νm on X given by
νm(A) =MBlim
( 1
N
N−1∑
n=0
ν(φn(A) ∩ Am)
)
.
It follows that if A = φ(A) then, for any m ∈ N, we have νm(A) = ν(A ∩ Am). We
further have, for any Borel set A,
νm(A) ≤ Kν(A),
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and
νm(φ(A)) = MBlim
( 1
N
N−1∑
n=0
ν(φn+1(A) ∩ Am)
)
= MBlim
( 1
N
N−1∑
n=0
ν(φn(A) ∩ Am)−
ν(A ∩ Am)
N
+
ν(φN (A) ∩ Am)
N
)
= MBlim
( 1
N
N−1∑
n=0
ν(φn(A) ∩ Am)
)
= νm(A),
since
MBlim
(
−
ν(A ∩ Am)
N
+
ν(φN (A) ∩ Am)
N
)
= 0.
That is, νm is invariant under φ. Now, the sequence (νm(A)) is a bounded non-
decreasing sequence. Therefore, we can put
ρ(A) = lim
m−→+∞
νm(A),
and it is easy to check that (i), (ii) and (iii) holds.
Remark 2.4. The condition (i) insure that L1(ν) ⊂ L1(ρ).
We remind that the Mazur-Banach limit operatorMBlim satisfies the following
properties:
(1) MBlim is positive: MBlim(x) ≥ 0 for every x ∈ ℓ∞(N) with xn ≥ 0.
(2) MBlim is normalized: MBlim(1) = 1 where 1 = (1, 1, · · · ).
(3) MBlim is shift invariant: MBlim(Sx) =MBlim(x) where Sx = (xn+1)n≥0.
(4) MBlim has norm one:
∣∣MBlim(x)∣∣ ≤ ‖x‖∞ for every x ∈ ℓ∞.
(5) For any x ∈ ℓ∞(N):
lim inf(xn) ≤MBlim(x) ≤ lim sup(xn).
For more details on the connection between the ergodic theory and the Mazur-
Banach limit theory, we refer the reader to [44], [43], [24] and [33].
We notice that Ryll-Nardzewski approach yields the existence of the absolutely
finite invariant measure. In the case of the existence of equivalent σ-finite invariant
measure, we have the following result due to Tulcea [31] (see also [19, p.55])
Theorem 2.5. Let T be a non-singular map on a Lebesgue space (X,B, ν), and
assume that T admits a σ-finite invariant measure ν equivalent to ν. Then, for
each f ∈ L1(ν) there exists f∗ ∈ L1(ν) such that
(a)
1
N
N∑
n=1
f ◦ T n.
dν ◦ T n
dν
(x) −−−−−→
n→+∞
f∗ a.e.,
(b) f∗ ◦ T.
dν ◦ T
dν
(x) = f∗ a.e..
Tulcea theorem can be derived from the Hurewicz-Halmos-Oxtoby ratio ergodic
theorem [28], and it is well-known that the ratio ergodic theorem is intimately
related to the following Hopf decomposition theorem
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Theorem 2.6 (Hopf decomposition theorem [16]). Let (X,B, T, σ) be a non-singular
dynamical system. Then, there exists a decomposition X = Xc ∪ Xd, such that
Xc, Xd are measurable, invariant under T , and such that T |Xc is incompressible,
T |Xd completely dissipative. We further have
Xc =
{
x :
∑
n≥0
dσ ◦ T n
dσ
= +∞
}
,
Xd =
{
x :
∑
n≥0
dσ ◦ T n
dσ
< +∞
}
.
We remind that the dynamical system (Y,B, T, σ) is incompressible if for any
Borel set A such that T−1A ⊂ A, we have σ(A∆T−1A) = 0. The dynamical
system (Y,B, T, σ) is completely dissipative if there is a Borel set W such that for
any n 6= m, T nW ∩ TmW = ∅ and Y = ∪n∈ZT nW, and if we put
RN (T, f) =
N−1∑
n=0
f ◦ T n(x)
dσ ◦ T n
dσ
(x)
N−1∑
n=0
dσ ◦ T n
dσ
(x)
,
for any f ∈ L1(σ). Then
Theorem 2.7 (Hurewicz-Halmos-Oxtoby ergodic theorem [28])). On Xc, for all
f ∈ L1(σ), RN (T, f) converge a.e. to a limit function f
∗ ∈ L1(σ); f∗ ◦T = f∗ a.e.
and ∫
Xc
f∗dσ =
∫
Xc
fdσ.
On Xd, for all f ∈ L1(σ), RN (T, f) converge a.e. to the ratio of the two convergent
series
+∞∑
n=0
f ◦ T n(x)
dσ ◦ T n
dσ
(x) and
+∞∑
n=0
dσ ◦ T n
dσ
(x).
Finally, our analogous result is related to the irregular set of the continuous
functions. In the multifractal analysis theory, the irregular set of the measurable
function f is given by
Xf =
{
x ∈ X : lim inf
1
N
N∑
n=1
f ◦ T n(x) < lim sup
1
N
N∑
n=1
f ◦ T n(x)
}
.
As a consequence of Birkhoff’s ergodic theorem, we have
Theorem 2.8. For a continuous map T on a compact metric space X, if the
function f is continuous, then ρ(Xf ) = 0 for any T -invariant finite measure ρ on
X.
We further have that the irregular set satisfy
Xf =
{
x ∈ X :
( 1
N
N∑
n=1
f ◦ T n(x)
)
is not a Cauchy sequence
}
,
that is,
Xf =
⋃
k≥1
⋂
n∈N
⋃
M,N≥n
{
x ∈ X :
∣∣∣FN (x)− FM (x)∣∣∣ > 1
k
}
,
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where
FN (x) =
1
N
N∑
n=1
f ◦ T n(x).
Put
On,k =
⋃
M,N≥n
{
x ∈ X :
∣∣∣FN (x)− FM (x)∣∣∣ > 1
k
}
.
Obviously, On,k is open set, for any n, k ∈ N∗. HenceXf is a Borel set. Applying the
same reasoning combined with the separability of the space of continuous functions
C(X), one can see that the set of generic points is a Borel set and it has a full
measure for any finite T -invariant measure on X (a point x is generic if, for any
continuous function f , the Birkhoff sum 1N
∑N
n=1 f(T
nx) converge). For the more
details, we refer the reader to [8, Chap. 11].
3. L2-norm convergence of Furstenberg averages
We start by proving the following
Theorem 3.1 (Frantzikinakis-Kra [20]). Let k ∈ N∗ and (X,B, µ, Ti)ki=1 be a
finite family of dynamical systems where µ is a probability measure space, and
T1, T2, · · · , Tk are commuting weakly mixing transformations on X such that for
any i 6= j, the map Ti ◦ T
−1
j is ergodic. Then, for every fi ∈ L
∞(µ), i = 1, · · · , k,
the averages
1
N
N∑
n=1
k∏
i=1
fi(T
n
i x)
converge in L2(X,µ) to
k∏
j=1
∫
fjdµ.
The proof is based on van der Corput trick and the C-sated systems method
introduced by T. Austin. In our case the C-sated systems are trivial, and the
van der Corput lemma can be stated in the following form
Lemma 3.2 (van der Corput [12]). Let (un) be a bounded sequence in a Hilbert
space. Then,
lim sup
∥∥∥ 1
N
N−1∑
n=0
un
∥∥∥2 ≤ lim sup 1
H
H−1∑
h=0
lim sup
∣∣∣ N∑
n=0
〈un+h, un〉
∣∣∣.
As a simple consequence it follows that if
lim
H−→+∞
lim
N−→+∞
1
H
H−1∑
h=0
N∑
n=0
〈un+h, un〉 = 0,
then ∥∥∥ 1
N
N−1∑
n=0
un
∥∥∥ −−−−−→
N→+∞
0.
We remind that if (Ti)
k
i=1 are a commuting maps on X then the associated C-
systems are the dynamical systems (X, C, µ, Ti), i = 1, · · · , k, for which
C = IT1 ∨ IT2T−11
∨ IT2T−11
· · · ∨ ITkT−11
,
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where, for any transformation S, IS is the factor σ-algebra of S-invariant Borel
sets, that is,
IS =
{
A : µ(A∆S−1A) = 0
}
.
Notice that under our assumption the σ-algebra C is trivial. The key notion in the
Austin proof is the notion of C-sated system defined as follows [10]
Definition 3.3. Let k be a integer such that k ≥ 2. The system (X,B, (Ti)ki=1), is
C-sated if any joining λ of X with any C-system Y is relatively independent over
the largest C-factor XC of X , that is, for any bounded measurable function f on
X , we have
Eλ(f(x)|Y ) = Eλ(EX(f(x)|XC)|Y ),
Where Eλ(.|•) is a conditional expectation operator.
We denote the expectation operator by
E(f) =
∫
fdµ, f ∈ L2(X).
Following this setting, the Tao L2-norm convergence theorem can be stated as
follows
Theorem 3.4 (Austin-Tao [9],[45]). Let k ≥ 1, and (X,B, Ti), i = 1, · · · , k, be a
C-sated system. Then, for any f1, f2, · · · , fk functions in L∞(X),
EX(f1|XC) = 0 =⇒
∥∥∥ 1
N
N∑
n=1
f1 ◦ T1 · · · fk ◦ Tk
∥∥∥
2
−−−−−→
N→+∞
0.
Now, we are able to give the proof of Theorem 3.1.
Proof of Theorem 3.1. We use induction on k to prove the theorem. The state-
ment is obvious for k = 1. For the case k = 2, by our assumption the C-system is
trivial and we can write∥∥∥ 1
N
N∑
n=1
f1(T
n
1 x)f2(T
n
2 x) − E(f1)E(f2)
∥∥∥
2
≤
∥∥∥ 1
N
N∑
n=1
(f1 − E(f1))(T
n
1 x)f2(T
n
2 x) +
1
N
N∑
n=1
f2(T
n
2 x)E(f1)− E(f1)E(f2)
∥∥∥
2
≤
∥∥∥ 1
N
N∑
n=1
(f1 − E(f1))(T
n
1 x)f2(T
n
2 x)
∥∥∥
2
+
∥∥∥ 1
N
N∑
n=1
f2(T
n
2 x)E(f1)− E(f1)E(f2)
∥∥∥
2
Hence, by the L2-norm convergence and the von Neumann ergodic theorem, we
have ∥∥∥ 1
N
N∑
n=1
f1(T
n
1 x)f2(T
n
2 x)− E(f1)E(f2)
∥∥∥
2
−−−−−→
N→+∞
0.
In the general case, applying the van der Corput Lemma 3.2, the L2 convergence
of Furstenberg average of order k, can be reduced in the class of C-systems to the
case of k − 1 commuting maps. In this case, the L2 convergence gives
E(f1) = 0 =⇒
∥∥∥ 1
N
N∑
n=1
f1(T
n
1 x)f2(T
n
2 x) · · · fk(T
n
k x)
∥∥∥
2
−−−−−→
N→+∞
0.
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Therefore, suppose that the result holds for some integer k ≥ 1, and assume that
(X,µ, T1, · · · , Tl) is a system of order k + 1. Then,∥∥∥ 1
N
N∑
n=1
f1(T
n
1 x)f2(T
n
2 x) · · · fk+1(T
n
k+1x)− E(f1)E(f2) · · ·E(fk+1)
∥∥∥
2
=
∥∥∥ 1
N
N∑
n=1
(f1 − E(f1))(T
n
1 x)f2(T
n
2 x) · · · fk+1(T
n
k+1x) +
E(f1)
1
N
N∑
n=1
f2(T
n
2 x) · · · fk+1(T
n
k+1x)− E(f1)E(f2) · · ·E(fk+1)
∥∥∥
2
≤
∥∥∥ 1
N
N∑
n=1
(f1 − E(f1))(T
n
1 x)f2(T
n
2 x) · · · fk+1(T
n
k+1x)
∥∥∥
2
+ |E(f1)|
∥∥∥ 1
N
N∑
n=1
f2(T
n
2 x) · · · fk+1(T
n
k+1x)− E(f2) · · ·E(fk+1)
∥∥∥
2
−−−−−→
N→+∞
0.
This complete the proof of the theorem. 
As a consequence we deduce the following result
Corollary 3.5. Let k ∈ N∗ and (X,B, µ, Ti)ki=1 be a finite family of dynamical
systems where µ is a probability measure space, assume that Ti, i = 1 · · · k are
commuting weakly mixing transformations on X . Then, for every Ai ∈ B, i =
1, · · · , k, the averages
1
N
N∑
n=1
µ∆(T
−n
1 (A1)× T
−n
2 (A2)× · · · × T
−n
k (Ak))
converge to µ(A1)µ(A2) · · ·µ(Ak).
Remark 3.6. A soft proof of the proposition 3.4 can be obtained as a consequence
of proposition 2.3 in [20].
Form this we deduce the following lemma
Lemma 3.7. Let k ∈ N∗ and (X,B, µ, Ti)ki=1 be a finite family of dynamical sys-
tems where µ is a probability measure space, and assume that T1, T2, · · · , Tk are
commuting weakly mixing transformations on X. Then, for every fi ∈ L∞(µ),
i = 1, · · · , k, the averages
1
N
N∑
n=1
∫ k∏
i=1
fi(T
n
i x)dν
converge to
k∏
i=1
µ(fi).
Proof. It is suffice to prove the lemma for any finite family of Borel set (Ai)
k
i=1.
Indeed, by Corollary 3.5, the sequence
1
N
N∑
n=1
µ∆
(
φ−n(A)
)
converge to
k⊗
i=1
µ(A),
where A = A1 × A2 · · · × Ak, and φ = T1 × T2 × · · · × Tk. This gives us that the
convergence holds when replacing µ∆ by µφj∆, for any j ∈ Z, where µφj∆ is the
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pushforward measure of µ∆ under φ
j . Therefore, for any M ∈ N, the convergence
holds for νM where
νM (A) =
1
3
∑
|n|≤M
1
2|n|
µφn∆(A).
Now, let ε > 0 then there is a positive integer M0 such that for any M ≥ M0, we
have
|νM (A)− ν(A)| ≤ ε, ∀A ∈ A
k.
Hence, for any N ∈ N,
∣∣∣ 1
N
N∑
n=1
νM (φ
−n(A))−
1
N
N∑
n=1
ν
(
φ−n(A)
)∣∣∣ < ε.
By letting N and M goes to infinity we obtain
k⊗
i=1
µ(A)−ε ≤ lim inf
N−→+∞
1
N
N∑
n=1
ν(φ−n(A)) ≤ lim sup
N−→+∞
1
N
N∑
n=1
ν(φ−n(A)) ≤
k⊗
i=1
µ(A)+ε.
Since ε was chosen arbitrarily, we conclude that
1
N
N∑
n=1
ν
(
φ−n(A)
)
−−−−−→
N→+∞
k⊗
i=1
µ
(
A
)
.
This proves the lemma. 
4. Stone representation theorem and Furstenberg averages
Let us consider a dynamical system (X,B, µ, T ). Then, there exists a countable
algebra A dense in B for the pseudo-metric d(A,B) = µ(A∆B), A and B in A.
We further have that A separates the points of X, that is, for each x, y ∈ X with
x 6= y, there is A ∈ A such that either x ∈ A, y 6∈ A or else y ∈ A, x 6∈ A. Hence,
by the Stone representation theorem, we associate to A a Stone algebra Â on the
set X̂ of all ultrafilter on X such that for any A ∈ A, Â = {UA ∈ X̂/A ∈ UA}.
Consequently Â = {Â, A ∈ A} is algebra of subsets of X̂, which is isomorphic to
A. Â is called the Stone algebra.
Assuming that T is ergodic, Hansel and Raoult proved in [27] that there is a
dense and invariant countable algebra AT such that for any A of AT we have∥∥∥ 1
N
N∑
n=1
1 A(T
nx)− µ(A)
∥∥∥
∞
−−−−−→
N→+∞
0,
that is, A is a uniform ergodic set.
Their result was extended to the ergodic Zd-action by B. Weiss in [48]. Indeed,
B. Weiss proved that if T = (Ti)
d
i=1 is a generator of ergodic Z
d-action then there
is a dense and T -invariant countable algebra AT such that all elements A in AT
are uniform ergodic sets, that is,∥∥∥ 1
|Rn|
∑
i∈Rn
1 A(T
i
x)− µ(A)
∥∥∥
∞
−−−−−→
n→+∞
0,
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where Rn is the square {i ∈ Zd : |i|∞ ≤ n}.
Applying a Stone representation theorem to Hansel-Raoult-Weiss algebra, and
letting X̂ be equipped with the topology which has Â as a base of clopen sets. It
follows that X̂ is metrizable space (since Â is countable), compact (by the standard
ultrafilter lemma) and totaly disconnected. X̂ is called the Stone space of A.
Furthermore, the probability µ induces a mapping µ′ from Â into [0,1], such that
(1) for any A ∈ Â \ {∅}, µ′(A) > 0,
(2) µ′ is σ-additive on Â, and µ′(X̂) = 1.
Hence, by Carathe´odory’s extension theorem, µ′ has an unique extension as a prob-
ability measure µ̂ on the Borel σ-algebra B̂ generate by Â. We further have that
for every non-empty open subset O ⊂ X̂ , µ̂(O) > 0. This gives in particular that
for any Â ∈ B̂, if µ̂(Â) = 1 then Â is a dense in X̂.
The Zd-action with generators T induces a Zd-action with generators T̂ = (T̂i)
d
i=1
such that, by construction and due to intrinsic properties of Lebesgue space, the
two action are isomorphic and for each i, T̂i is a homeomorphism on X̂. We further
have that for any Â, the sequence of continuous function
1
|Rn|
∑
n∈RN
1 Â ◦ T̂
n
converges uniformly to µ̂(Â). Then, it follows by Birkhoff’s ergodic theorem that
the Zd-action with generators T̂ = (T̂i)
d
i=1 is strictly ergodic, that is, µ̂ is a unique
probability measure T̂ -invariant with µ̂(O) > 0 for every nonempty open set O ⊂ X̂.
The topological model (X̂, B̂, T̂ ) is called the Stone-Jewett-Weiss topological model.
For the case d = 1, we call it the Stone-Jewett-Hansel-Raoult topological model.
Finally, let us denote by B(A) the Banach space of all scalar-valued functions
that are uniform limits of sequences of A-measurable step functions, equipped with
the supremum norm. Then, B(A) is isometrically isomorphic to C(X̂), the Banach
space of all continuous functions on the Stone space X̂.
5. Proof of the main results
For the proof of our main results, we shall consider the Stone-Jewett-Weiss
topological model (X̂, B̂, µ̂, T̂ = (T̂i)ki=1) associated to the given dynamical system
(X,B, µ, T = (Ti)ki=1), and any A1 ×A2 × · · ·Ak ∈ B̂
k, put
ν̂(A1 ×A2 × · · ·Ak) =
1
3
∑
n∈Z
1
2|n|
µ̂∆(T̂
n(A1 ×A2 × · · ·Ak)),
where µ̂∆ is the diagonal measure on X̂
k associated to µ̂.
From this, we consider the non-singular dynamical system (X̂k,
⊗k
j=1 B̂, λ̂, T̂ ),
where
λ̂ =
ν̂ +
⊗k
i=1 µ̂
2
.
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Hence, by the L2-convergence combined with the same reasoning as in Lemma 3.7,
for any A1 ×A2 × · · · ×Ak ∈ Âk, we have∥∥∥ 1
N
N∑
j=1
1 A1×A2×···×Ak ◦ T̂
n −
k⊗
j=1
µ(A1 ×A2 × · · · ×Ak)
∥∥∥
L2(λ̂)
−−−−−→
N→+∞
0.
Therefore, for any f1 ⊗ f2 ⊗ · · · ⊗ fk ∈ C(X̂)k, we get∥∥∥ 1
N
N−1∑
n=0
(
f1 ⊗ f2 ⊗ · · · ⊗ fk
)
◦ T̂ n −
k⊗
j=1
µ(f1 ⊗ f2 ⊗ · · · ⊗ fk)
∥∥∥
L2(λ̂)
−−−−−→
N→+∞
0.
This combined with the Stone-Weierstrass theorem gives that for any continuous
functions f on X̂k, we have
∥∥∥ 1
N
N−1∑
n=0
f ◦ T̂ n −
k⊗
j=1
µ(f)
∥∥∥
L2(λ̂)
−−−−−→
N→+∞
0.(1)
Hence, by the standard argument, for any continuous functions f on X̂k, there is
a subsequence Nf such that for λ̂-almost all x ∈ X̂ , we have
1
N
N−1∑
n=0
f ◦ T̂ n(x) −−−−−−−−→
N∈Nf→+∞
k⊗
j=1
µ(f).
From this we have the following proposition.
Proposition 5.1. Under the previous notation, there is a subsequence N and a
Borel subset D such that λ̂(D) = 1, and for any continuous function f on X̂k, for
any x ∈ D, we have
1
N
N−1∑
n=0
f ◦ T̂ n −−−−−−−→
N∈N→+∞
k⊗
j=1
µ(f).
Proof. Since C(X̂) is separable we can choose a sequence f1, f2, · · · dense in C(X̂).
Let N1 and D1 such that, λ̂(D1) = 1 and for any x ∈ D1, we have
1
N
N−1∑
n=0
f1 ◦ T̂
n −−−−−−−−→
N∈N1→+∞
k⊗
j=1
µ(f1).
Again, for N ∈ N1, there is a subsequence N2 ⊂ N1 and D2 ⊂ D1 such that
λ̂(D2) = 1 and for any x ∈ D2, we have
1
N
N−1∑
n=0
f2 ◦ T̂
n −−−−−−−−→
N∈N2→+∞
k⊗
j=1
µ(f2).
Repeating this argument indefinitely we obtain sequences of integers N1 ⊃ N2 ⊃
N2 ⊃ · · · where Ni = {m
(i)
1 ,m
(i)
2 , · · · } and a sequence of Borel set D1 ⊃ D2 ⊃
D3 ⊃ · · · with λ̂(Di) = 1 such that, for any j ≤ i and x ∈ Di; we have
1
N
N−1∑
n=0
fj ◦ T̂
n −−−−−−−−→
N∈Ni→+∞
k⊗
j=1
µ(fj).
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Taking the diagonal sequence N and D =
⋂
iDi, it follows that for any f ∈ C(X̂
k),
for any x ∈ D,
1
N
N−1∑
n=0
f ◦ T̂ n(x) −−−−−−−→
N∈N→+∞
k⊗
j=1
µ(f).
The proof of the proposition is complete. 
From this we are able to prove our main results. We start by proving Theorem
2.1. For that, we first remind the definition of the maximal ergodic inequality.
Definition 5.2. Let (Y, C, σ) be a Lebesgue space. We say that the Maximal
Ergodic Inequality holds in Lp(Y ) for linear operator T , if setting
Sf(y) = sup
n≥1
∣∣∣ 1
n
n−1∑
j=0
(T j(f))(y)
∣∣∣,
we have
γ.σ
{
S(f) > γ
}
≤ (constant)
∥∥∥f∥∥∥
p
,
for all f ∈ Lp(Y, σ) and γ > 0.
Proof of Theorem 2.1. We claim that the maximal ergodic inequality does not
hold for the non-singular dynamical system (X̂k, B̂k, λ̂, T̂ ). Indeed, assume that
the maximal ergodic inequality holds. Then, by the classical argument [23, p.3]
combined with the density of the subspace of continuous functions, it follows that for
any Borel subset A in X̂k, the pointwise ergodic convergence along the subsequence
N holds, which is impossible since, by taking A =
⋃
n∈Z T̂
n∆, for any N ∈ N, we
have ∫
1
N
N∑
n=1
1 A(T̂
nx)dλ̂ =
1
2
6= 0 =
k⊗
j=1
µ(A).
This end the proof of the claim, and the proof of Theorem 2.1 is complete. 
Remark 5.3.
(i) The same argument yields that the maximal ergodic inequality does not hold
for T̂ under ν̂ and µ̂∆.
Furthermore, from Proposition 5.1, we are able to deduce our main result con-
cerning the pointwise convergence of multiple ergodic averages (P.C.M.E.A) along a
subsequence holds (Theorem 2.2). Indeed, we claim that if k ∈ N∗ and (X̂, B̂, µ̂, T̂i)ki=1
is a Stone-Jewett-Weiss topological model associated to the finite family of dynami-
cal systems (X,B, µ, Ti)ki=1 where µ is a probability measure space, and T̂1, T2, · · · , T̂k
are commuting weakly mixing transformations on X̂ such that for any i 6= j, the
map T̂i ◦ T̂
−1
j is ergodic. Then, there exists a subsequence Nk such that, for every
fi ∈ L∞(µ̂), i = 1, · · · , k, the averages
1
Nk
Nk∑
n=1
k∏
i=1
fi(T̂
n
i x)
converge almost everywhere to
k∏
j=1
∫
fjdµ.
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Proof of Theorem 2.2. We give the proof only for the case k = 2; the other cases
are left to the reader. Let f1, f2 ∈ L∞(X̂). Then, by Lusin theorem [38, p.53], for
any ǫ > 0, there exists g1, g2 ∈ C(X̂) such that
||gi||∞ ≤ ||fi||∞,
µ̂
{
x : fi 6= gi
}
≤ ǫ, for each i = 1, 2.
Therefore, by Proposition 5.1, there exists a Borel set Xǫ such that, for any x ∈ Xǫ,
for a large k, we have
∣∣∣ 1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)g2(T̂2
n
x)− µ̂(g1)µ̂(g2)
∣∣∣ < ǫ.
Now, write
∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂2
n
x)− µ̂(f1)µ̂(f2)
∣∣∣
=
∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂2
n
x)− g1(T̂1
n
x)f2(T̂2
n
x) +
1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)f2(T̂2
n
x)− g1(T̂1
n
x)g2(T̂2
n
x) +
1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)g2(T̂2
n
x)− µ̂(g1)µ̂(g2) + µ̂(g1)µ̂(g2)− µ̂(f1)µ̂(f2)
∣∣∣.
Hence, by the triangle inequality, we get
∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂2
n
x)− µ̂(f1)µ̂(f2)
∣∣∣
≤
∣∣∣ 1
Nk
Nk−1∑
n=0
(f1 − g1)(T̂1
n
x)f2(T̂2
n
x)
∣∣∣+ ∣∣∣ 1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)(f2 − g2)(T̂2
n
x)
∣∣∣+
∣∣∣ 1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)g2(T̂2
n
x)− µ̂(g1)µ̂(g2)
∣∣∣+ ∣∣∣µ̂(g1)µ̂(g2)− µ̂(f1)µ̂(f2)∣∣∣
≤
1
Nk
Nk−1∑
n=0
|f1 − g1|(T̂1
n
x)
∥∥f2∥∥∞ + 1Nk
Nk−1∑
n=0
|f2 − g2|(T̂2
n
x)
∥∥g1∥∥∞ +
∣∣∣ 1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)g2(T̂2
n
x)− µ̂(g1)µ̂(g2)
∣∣∣+ ∣∣∣µ̂(g1)µ̂(g2)− µ̂(f1)µ̂(f2)∣∣∣
≤
1
Nk
Nk−1∑
n=0
|f1 − g1|(T̂1
n
x)
∥∥f2∥∥∞ + 1Nk
Nk−1∑
n=0
|f2 − g2|(T̂2
n
x)
∥∥f1∥∥∞ +
∣∣∣ 1
Nk
Nk−1∑
n=0
g1(T̂1
n
x)g2(T̂2
n
x)− µ̂(g1)µ̂(g2)
∣∣∣+ ∣∣∣µ̂(g1)µ̂(g2)− µ̂(f1)µ̂(f2)∣∣∣.
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By letting k goes to infinity and applying Birkhoff ergodic theorem combined with
Proposition 5.1, we obtain∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂1
n
x)− µ̂(f1)µ̂(f2)
∣∣∣
≤
∫
|f1 − g1|dµ̂
∥∥f2∥∥∞ +
∫
|f2 − g2|dµ̂
∥∥f1∥∥∞ +
∣∣∣µ̂(g1)µ̂(g2)− µ̂(f1)µ̂(f2)∣∣∣.
Similar arguments apply to the third term gives∣∣∣µ̂(g1)µ̂(g2)−µ̂(f1)µ̂(f2)∣∣∣ ≤ µ̂(|g1−f1|)∥∥f2∥∥∞+µ̂(|g2−f2|)∥∥f1∥∥∞ ≤ 4∥∥f2∥∥∞∥∥f1∥∥∞ǫ.
Summarizing, we have
lim sup
∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂1
n
x) − µ̂(f1)µ̂(f2)
∣∣∣ ≤ 8∥∥f2∥∥∞∥∥f1∥∥∞ǫ.
We conclude by taking X ′ =
⋂
ǫ>0
ǫ∈Q
Xǫ that, for every x ∈ X ′,
lim sup
∣∣∣ 1
Nk
Nk−1∑
n=0
f1(T̂1
n
x)f2(T̂1
n
x)− µ̂(f1)µ̂(f2)
∣∣∣ = 0.
This finishes the proof of the theorem. 
Remark 5.4. (i) The proof above gives more, namely the pointwise convergence
along a subsequence of the multiple ergodic averages holds for any f1, f2, · · · , fk ∈
L1(µ̂).
(ii) After the appearance of the second version of this paper, the author received
an emails from Nikos Frantzikinakis and Pavel Zorin-Kranich in which they
mentioned that the proof of the first main result of this paper (Theorem 2.2)
can be obtained without using the topological model arguments and by ap-
pealing to the maximal inequality.
The proof given here is based on the Birkhoff ergodic theorem. At this
point, we should mention that by the Kolmogorov-Stein continuity principal
theorem, the maximal inequality and the Birkhoff ergodic theorem are equiv-
alent. For the nice account, we refer to [23]. Nevertheless, in the proof of
Theorem 2.2 we don’t technically need to extend the maximal inequality to
our setting. The same strategy was done recently in [2]. Therein, the au-
thors reproved the Sarnak’s result which say that for any dynamical system
(X,A, µ, T ) and for any function f square-integrable,
1
N
N−1∑
j=1
µ(n)f(T nx) −−−−−→
N→+∞
0, a.e.
where µ is the Mo¨bius function given by
µ = λ. 1Q,
where Q is the set of square-free integers. The integer n is said to be square-
free if there is no prime number p such that n is in the class of 0 mod p2.
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At this point let us prove that we can apply Tuleca’s theorem to the non-singular
dynamical system (X̂k, B̂k, ν̂, T̂ ). Indeed, we have the following lemma:
Lemma 5.5. The non-singular dynamical (X̂k, B̂k, ν̂, T̂ ) admits a σ-finite invariant
measure ν equivalent to ν̂.
Proof. By the aperiodicity of the maps (TiT
−1
j )
k
j=1,j 6=i, we have
T n∆ ∩ Tm∆ = ∅,
for any n 6= m ∈ Z. Therefore, for any Borel set A ⊂ ∆, let ν(A) = ν̂(A). If
A ⊂ T̂ i∆, for some i, then T̂−iA ⊂ ∆ and we put
ν(A) = ν(T̂−iA) = ν(T̂−iA).
We thus have if A ⊂ T̂ i∆ then T̂A ⊂ T̂ i+1∆, and
ν(T̂A) = ν̂(T̂−i−1T̂A) = ν̂(T̂−iA) = ν(A).
Finally, for any Borel set A, we put
ν(A) =
∑
n∈Z
ν̂(A ∩ T̂ i∆).
Therefore, it is a easy exercise to see that ν is a σ-finite invariant measure. It is
equivalent to ν̂ since T is non-singular. The proof of the lemma is complete. 
The proof of Lemma 5.5 yields that the non-singular dynamical system (X̂k, B̂k, ν̂, T̂ )
is completely dissipative. Therefore, according to Hajian-Kakutani theorem [26],
there exists no equivalent finite T̂ -invariant measure to ν̂ on X̂k. We summarize
the previous result as follows
Proposition 5.6. The non-singular dynamical system (X̂k, B̂k, ν̂, T̂ ) is completely
dissipative with σ-invariant measure. We further have, for any f ∈ L1(ν), for
almost all x ∈ X̂k,
lim
N−→+∞
1
N
N−1∑
j=0
f ◦ T̂ n(x)
d(ν ◦ T̂ n)
dν
(x)
exists.
6. Some remark on the problem of the almost sure convergence
As in the previous section, let us consider (X̂, B̂, µ̂, T̂ = (T̂i)
k
i=1) the Stone-
Jewett-Weiss topological model associated to (X,B, µ, T), and for any A1 × A2 ×
· · · ×Ak ∈ Bk, we still denoted by ν̂ the measure given by
ν̂(A1 ×A2 × · · ·Ak) =
1
3
∑
n∈Z
1
2|n|
µ̂∆(T̂
n(A1 ×A2 × · · · ×Ak)),
where µ̂∆ is the diagonal measure on X̂
k associated to µ̂.
In the same manner as before, by Lemma 3.7, for any A1 ×A2 × · · · ×Ak ∈ Âk,
we have∫
1
N
N−1∑
n=0
1 A1×A2×···×Ak ◦ T̂
ndλ̂ −−−−−→
N→+∞
k⊗
i=1
µ̂
(
A1 ×A2 × · · · ×Ak
)
.
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Therefore, for any f1 ⊗ f2 ⊗ · · · ⊗ fk ∈ C(X̂)k, we have∫
1
N
N−1∑
n=0
(
f1 ⊗ f2 ⊗ · · · ⊗ fk
)
◦ T̂ ndλ̂ −−−−−→
N→+∞
∫
f1 ⊗ f2 ⊗ · · · ⊗ fkd(
k⊗
i=1
µ̂).
This gives, by the standard argument, that for any continuous functions f on X̂k,
∫
1
N
N−1∑
n=0
T̂ nfdλ̂ −−−−−→
N→+∞
∫
f
d(
⊗k
i=1 µ̂)
dλ̂
dλ̂.(2)
Hence, for any continuous functions f on X̂k,
∫
f
1
N
N∑
n=1
(T̂ )∗
n
1 dλ̂ −−−−−→
N→+∞
∫
f
d(
⊗k
i=1 µ̂)
dλ̂
dλ̂.
Consequently, for any Borel subsetA of X̂k, the sequence
( ∫
A
1
N
N∑
n=1
(T̂ )∗
n
1 dλ̂
)
N∈N
is a bounded sequence ∗.
Therefore, applying the Ryll-Nardzewski procedure (see section 2), it follows
that there is a T̂ -invariant finitely additive measure ρ given by
ρ(A) =MBlim
(∫
A
1
N
N∑
n=1
(T̂ )∗
n
1 dλ̂
)
.
We further have that for any T̂ -invariant Borel subset D of X̂k, ρ(D) = λ̂(D).
ρ is called a the Ryll-Nardzewski additive measure or the Ryll-Nardzewski charge.
For a deep discussion of the connection between the Mazur-Banach limit and the
invariant charge, we refer the reader to [43], [24]. If the Hartman condition holds
then the Ryll-Nardzewski additive measure ρ is σ-additive, and following the idea of
Ryll-Nardzewski, it suffices to apply the Birkhoff ergodic theorem to the dynamical
system (X̂k,
⊗k
j=1 B̂, ρ, T̂ ). But, ρ is only finitely additive probability measure on
the σ-algebra
⊗k
j=1 B̂. Nevertheless, in our case, for any Borel set A in the algebra,
we have ρ(A) =
⊗k
j=1 µ̂(A). Therefore, for any continuous function f ∈ C(X̂
k), we
have ρ(f) =
⊗k
j=1 µ(f) (see section 4). Indeed, for any continuous functions f on
X̂k, there is a sequence of step functions fm =
∑
i∈Im
ai 1 Ai , where Im is finite set
and Ai a Borel set in the algebra, such that fm converge uniformly to f . Let ǫ > 0
and m0 such that for any m ≥ m0, we have
‖fm − f‖∞ < ǫ.
∗Notice that for instance one may apply a standard argument, precisely, the portmanteau
theorem [14, p.15] to get
k⊗
j=1
µ̂(
◦
A) ≤ lim inf
( 1
N
N−1∑
n=0
λ̂(T̂nA)
)
≤ lim sup
( 1
N
N−1∑
n=0
λ̂(T̂nA)
)
≤ 2λ̂(A).
For the historical reference on this theorem, we refer the reader to the references in the Billingsly
book.
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Then, for any positive integer N , we can write
1
N
N∑
n=1
λ̂(fm ◦ T̂
n)− ǫ ≤
1
N
N∑
n=1
λ̂(f ◦ T̂ n) ≤
1
N
N∑
n=1
λ̂(fm ◦ T̂
n) + ǫ.
This combined with the classical properties of the Mazur-Banach limit gives
ρ(fm)− ǫ ≤ ρ(f) ≤ ρ(fm) + ǫ,
which implies that ρ(fm) converge to ρ(f) and allows us to extend ρ to the space
of the continuous functions. We further have, by the portmanteau theorem, that
for any nonempty open set O and any closet set F ,
ρ(O) ≥
k⊗
j=1
µ̂(O) > 0, and ρ(F ) ≤
k⊗
j=1
µ̂(F ).
In the same manner we can define ρ(f), for any lower semi-continuous (l.s.c) func-
tion f and extend the previous classical inequalities to the case of the l.s.c func-
tions and upper semi-continuous functions. Indeed, by a classical argument, for
any lower semi-continuous f bounded from below there exists a sequence of lower
semi-continuous fm which converge uniformly to f such that fm is a finite sum of
indicator functions of open set. Precisely, let us denote by C−1/2(X̂) (respectfully
C
−1/2
u (X̂)) the set of l.s.c. functions on X (respectfully C−1/2(X̂) equipped with
uniform convergence topology) and without loss of generality we can assume that
0 < f(x) ≤ 1 for all x ∈ X̂. Fix m ≥ 1 and define fm by
fm =
m∑
j=1
1
m
1 Oj , where Oj =
{
x : f(x) >
j
m
}
.
Obviously, Oj is a open set and it is easy to see that the indicator function of any
open set is in C−1/2(X̂). We further have that C
−1/2
u (X̂) is a closed positive lattice
cone that contains the spermium of each of its subsets. Moreover, in the previous
procedure, the function f is truncated to jm if f(x) ∈ [
j
m ,
j+1
m ). Thus fm ≤ f and
sup
x∈X
|fm(x)− f(x)| ≤
1
k . The result follows by letting m goes to infinity. Therefore,
ρ(fm) converge to ρ(f), by the classical property of the Banach limit. We thus get,
again by the portmanteau theorem, that
ρ(f) ≥
k⊗
j=1
µ̂(f), for every l. s. c. f bounded from below,(3)
and
ρ(f) ≤
k⊗
j=1
µ̂(f), for every u. s.c. f bounded from above.(4)
Notice that under our assumption X̂ is compact and we don’t need to assume that
the l.s.c functions (resp. the u.s.c functions) are bounded below (resp. bounded
above). With this in mind, one may try to apply the standard argument from
ergodic theory to get some kind of ergodic theorem for the charge ρ but it is turn
out that ρ can not be σ-additive (see Remark below).
Remark 6.1.
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(a) Notice that the proof above gives more, namely the Hartman condition does
not hold for the non-singular dynamical system (X,B, T̂ , λ̂). If not, we get that
ρ is σ-additive on the σ-algebra (notice that it is obvious that ρ is σ-additive
on the algebra †). Indeed, let Ai be a disjoint Borel set and l be a positive
integer. Then
ρ
(⋃
i≥l
Ai
)
≤ Kλ̂
(⋃
i≥l
Ai
)
−−−−→
l→+∞
0.
Hence,
ρ
( ⋃
i≥1
Ai
)
=
l∑
i=1
ρ(Ai) + ρ
(⋃
i≥l
Ai
)
−−−−→
l→+∞
+∞∑
i=1
ρ(Ai).
We further have, from our proof, that for any continuous function f , ρ(f) =⊗k
j=1 µ(f), and ρ(D) = λ̂(D) for any T̂ -invariant set. This gives that
k⊗
j=1
µ(
⋃
n∈Z
T̂ n∆) = λ̂(
⋃
n∈Z
T̂ n∆),
which is impossible. We thus get, by Theorem 1 in [40], that the pointwise er-
godic theorem does not hold for the non-singular dynamical systems (X,B, T̂ , λ̂)
and (X,B, T̂ , ν̂)
(b) By construction, the charge ρ satisfy: for any B in the algebra, ρ(B) > 0 and
for any n ∈ Z, we have ρ(T nB
⋂
B) > 0.
(c) Let (Y,B, ρ, S) be a dynamical system with finitely additive probability measure
ρ and B be a σ-algebra generating by some dense algebra A. We suppose that
the restriction of ρ coincide on the σ-algebra of S-invariant set with some σ-
additive measure λ (not necessary invariant under S). We further suppose
that λ ≥ K.µ and µ is a invariant measure. Then, for any Borel set D such
that SnD
⋂
SmD = ∅, for any n 6= m, we have ρ(
⋃
n∈Z S
nD) = 1. Indeed,
ρ(
⋃
n∈Z S
nD) = λ(
⋃
n∈Z S
nD) = 1.
(d) Note that we have actually proved that there is a dynamical system with a
finitely additive probability measure for which the the Poincare´ recurrence The-
orem holds.
(e) Our proof yields also that there is non-singular maps such that
⊗k
j=1 µ is in
the convex set Π(T̂ , λ̂) given by
Π(T̂ , λ̂) = env{λ̂ ◦ T̂ n}
W∗
,
that is, the convex set
Π∗(T̂ , λ̂) =
{
ρ ∈ B(0, 1] : ρ ∈ Π(T̂ , λ̂) and ρ ◦ T̂ = ρ, ρ << λ̂
}W∗
⊂ B(0, 1].
is not empty, B(0, 1] is the unit Ball in the dual space of C(X̂). We thus get
that it is weakly compact by Alaoglu-Banach-Bourbaki. This combined with
†See for example the proof of Lemma 4.6 in [25].
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the Krein-Milman theorem yields that it is the weakly star closure of the convex
hall of its extremal points E(T̂ ), that is,
Π1(T̂ , λ̂) = envE(T̂ ).
Notice that since X̂k is a compact metric space, it follows that E(T̂ ) is the set
of all ρ̂ ∈ E(T̂ ) for which T̂ is an ergodic measure-preserving transformation of
(Xk,
⊗k
j=1 B, ρ̂).
(f) It follows from (e) that one can substitute λ̂ by any limit of convex combinations
of the ergodic joining of T̂1, T̂2, · · · , T̂k. Here, the chosen ergodic joining is⊗k
j=1 µ and the off-diagonal measure µT̂n∆.
(g) Following the Ryll-Nardzewski procedure, one may construct a large class of
invariant Ryll-Nardzewski probability measures ρ̂ ≤ K.λ̂ associated to the
subclass of compact subset K such that λ̂(K) > 0. Indeed, the sequence
1
N
∑N
n=1 λ̂K(f ◦ T̂
n) is a bounded sequence, where λ̂K is the restriction of λ̂ to
K normalized. Therefore, by Mazur-Banach limit procedure, we define
ρ(f) =MBlim
( 1
N
N−1∑
n=0
λ̂(f ◦ T̂ n)
)
.
It follows that ρ is a bounded operator on the space of continuous function
C(X̂). We further have that ρ ◦ T̂ = ρ and if f is a T̂ -invariant function then
ρ(f) = λ̂(f). Hence, by Riesz representation theorem, there is a unique Borel
probability measure ρ̂ such that ρ(f) = ρ̂(f) for all f ∈ C(X̂). The condition
(1) implies that, for any Borel set A in the σ-Borel algebra B(X̂), we have
ρ̂(A) ≤ K.λ̂(A).
We called such class a Ryll-Nardzewski class of T̂ -invariant probability measures
for a given non-singular map.
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